The Deformation Dependent Mass (DDM) Kratzer model is constructed by considering the Kratzer potential in a Bohr Hamiltonian, in which the mass is allowed to depend on the nuclear deformation, and solving it by using techniques of supersymmetric quantum mechanics (SUSYQM), involving a deformed shape invariance condition. Analytical expressions for spectra and wave functions are derived for separable potentials in the cases of γ-unstable nuclei, axially symmetric prolate deformed nuclei, and triaxial nuclei, implementing the usual approximations in each case. Spectra and B(E2) transition rates are compared to experimental data. The dependence of the mass on the deformation, dictated by SUSYQM for the potential used, moderates the increase of the moment of inertia with deformation, removing a main drawback of the model.
I. INTRODUCTION
In the non-relativistic Schrödinger equation usually the mass is assumed to be independent of position. However, there are certain physical systems in which, according to the experimental data, the effective mass should be position dependent. Apart from semiconductor theory, in which effective masses depending on the spatial coordinates have been used since many years [1] [2] [3] [4] [5] [6] , this is also the case in atomic nuclei, especially in the collective model of Bohr [7] .
If the mass is position dependent, then it does not commute with the momentum. Therefore there are many ways to generalize the usual form of the kinetic energy in order to obtain a Hermitian operator. In Ref. [5] , the most general non-relativistic Schrödinger equation which possesses a position dependent mass and at the same time respects hermiticity was proposed. A further step was taken in Refs. [8, 9] , in which a general scheme was proposed, through the introduction of a parameter a in the kinetic energy term, which apart from hermiticity also ensures the exact solvability of the relevant non-relativistic Schrödinger equation, in which the mass dependence on the position is reflected in the parameter a.
In the realm of nuclear physics, the need for three different mass coefficients in the low lying collective bands of well-deformed axially symmetric even-even nuclei has been demonstrated using the experimental data for spectra and B(E2) transition rates by Jolos and von Brentano [10] [11] [12] . In an extended version of this approach [13, 14] a mass tensor with deformation dependent components is introduced, the method being applicable to nuclei of arbitrary shape. This approach has been recently extended to odd nuclei [15, 16] .
It has been recently proved [17] that by allowing the nuclear mass to depend on the deformation, the rate of increase of the moment of inertia with deformation is moderated, thus removing a main drawback [18] of the Bohr Hamiltonian [7] . This has been achieved by using a Davidson potential [19] and taking advantage of supersymmetric quantum mechanics (SUSYQM) techniques [20, 21] developed in the study of quantum systems with mass depending on the coordinates [8, 9, 22] .
It should be noticed that the Davidson potential [19] , initially introduced for the description of molecular spectra, has been used for the description of nuclei since long ago [23, 24] . A major step forward has been the clarification of its group theoretical structure when used within the Bohr Hamiltonian, which was proved to be SU(1,1)×SO(5) [25] . This breakthrough led to the development of the algebraic collective model, a very rapidly converging approach allowing the calculation of spectra and transition probabilities of nuclei of any shape [26] [27] [28] [29] .
In the present work we consider the deformation dependent mass (DDM) Bohr Hamiltonian with a Kratzer potential [30] . This potential, also used initially in molecular physics, has been first used for the description of nuclei by Fortunato and Vitturi [31, 32] . We are motivated by the following questions.
(i) It is known that in the SUSYQM framework [9, 20, 21] the functional form of the dependence of the mass on the deformation is different for each potential. A first challenge is to prove that a DDM solution exists for the Bohr Hamiltonian with a Kratzer potential, and to find the form of this functional dependence.
(ii) The shapes of the Davidson [19] and Kratzer [30] potentials, shown in Fig. 1 , are similar for small values of β, where the 1/β 2 term dominates in both cases, but they differ substantially at large values of β, where the tails of the wave functions behave as e −β 2 /2 [33] and e −β/2 [31, 32] (iii) The DDM Bohr Hamiltonian with the Davidson potential works well for deformed nuclei, but fails in describing the nuclei lying at the critical point between the spherical and deformed regions [34, 35] , known to be examples of the X(5) critical point symmetry [36] . It is interesting to examine if the DDM Bohr Hamiltonian with the Kratzer potential overcomes this drawback.
In Section II the DDM Bohr Hamiltonian is briefly reviewed, while in Section III the special case of the Kratzer potential is considered. Analytical expressions for spectra and wave functions are given in Sections IV and V respectively, while the calculation of B(E2) transition rates is described in Section VI. Numerical results for spectra and B(E2) transition rates are given in Section VII, while Section VIII contains the conclusions and plans for further work. The use of the deformed shape invariance principle for the construction of the spectrum is given in Appendix 1, while many technical details concerning the wave functions are given in Appendices 2-6. Finally, in Appendix 7, scaling factors are discussed.
II. BOHR HAMILTONIAN WITH DEFORMATION-DEPENDENT MASS
The original Bohr Hamiltonian [7] is 
where β and γ are the usual collective coordinates, while Q k (k = 1, 2, 3) are the components of angular momentum in the intrinsic frame, and B is the mass parameter, which is usually considered constant. Allowing the mass to depend on the deformation coordinate β (which measures departure from spherical shape),
where B 0 is a constant and f a function of β only, the Bohr equation becomes [17] 
where reduced energies
and reduced potentials
have been used, and [17] 
where δ and λ are free parameters, stemming from the following cause. If the mass is position dependent, then it does not commute with the momentum. Therefore there are many ways to generalize the usual form of the kinetic energy in order to obtain a Hermitian operator. It was actually in Ref. [5] where it was proved that the most general form of such a Hermitian Hamiltonian contains two free parameters (denoted by δ and λ in the present work). In Section VII it will be seen that these parameters play practically no role in the present work. Exact separation of variables can be achieved in the usual three cases. a) γ-unstable nuclei, in which the potential v(β, γ) depends only on the variable β, i.e. v(β) = u(β) [37, 38] , and the wave functions are of the form
where θ i (i = 1, 2, 3) are the Euler angles. b) Axially symmetric prolate deformed nuclei with γ ≈ 0, in which the potential is assumed to be of the form [33, 37, [39] [40] [41] 
with
where c is a free parameter, while the wave functions read [36] Ψ
where D(θ i ) denote Wigner functions of the Euler angles, L is the angular momentum quantum number, while M and K are the quantum numbers of the projections of angular momentum on the laboratory-fixed z-axis and the body-fixed z -axis respectively. c) Triaxial nuclei with γ ≈ π/6, in which again the potential is assumed to be of the form of Eq. (8), but with
while the wave functions read [42] where D(θ i ) denote Wigner functions of the Euler angles, L is the angular momentum quantum number, while M and α are the quantum numbers of the projections of angular momentum on the laboratory-fixed z-axis and the body-fixed x -axis respectively. The angular equations and wave functions can be found in Ref. [17] . The radial equations in all three cases take the common form [17] 
where
f (f ) denote the first (second) derivative of f , while Λ in each case acquires the following form. a) For γ-unstable nuclei
with τ being the seniority quantum number [43] . The values of angular momentum L occurring for each τ are provided by a well known algorithm and are listed in [37, 44] . Within the ground state band (gsb) one has L = 2τ . b) For axially symmetric prolate deformed nuclei,
where n γ is the quantum number related to γ-oscillations.
c) For triaxial nuclei with
where n w = L − α is the wobbling quantum number [45, 46] .
III. THE KRATZER POTENTIAL
Up to now no assumption about the specific form of the potential u(β) and the deformation function f (β) has been made. From the results for 3-dimensional systems reported in Ref. [9] , we know that for each potential a different deformation function is appropriate.
In Ref. [17] , the Davidson potential [19] 
where the parameter β 0 indicates the position of the minimum of the potential, has been considered in the framework of the Bohr Hamiltonian, the appropriate deformation function being
Here we are going to consider the Kratzer potential [30] 
for which the deformation function is expected [9] to be
Using these forms for the potential and the deformation function in Eq. (15) one obtains (23) where a is the deforming parameter, δ and λ are free parameters coming from the construction procedure of the kinetic energy term [5] and going to be discussed further in Section VII.A, and Λ is the eigenvalue coming from the exact separation of variables, given by Eqs. (16) , (17), (18) , depending on the nature of the nucleus in discussion (γ-unstable, axially symmetric prolate deformed, triaxial with γ ≈ π/6 respectively).
The radial equation for the Kratzer potential is solved in Appendix 1, using deformed shape invariance.
IV. ENERGY SPECTRUM
Using the results of Appendix 1, the energy spectrum of Eq. (13) is given by (24) where
Equation (24) only provides a formal solution to the bound-state energy spectrum. The range of n values is actually determined by the existence of corresponding physically acceptable wave functions, the relevant conditions being stated in Appendix 2.
In Eq. (24) the quantities k 0 , k −1 , k −2 are given by Eq. (23), in which Λ is given by Eq.(16), (17) , or (18) , for γ-unstable, axially symmetric prolate deformed, or triaxial nuclei respectively. The ground state band is obtained for n = 0, while for n = 1 and n = 2 the quasi-β 1 and quasi-β 2 bands are obtained respectively.
In the limit of no dependence of the mass on the deformation, i.e., a → 0, one has from Eq. (23)
In this limit the spectrum becomes
For γ-unstable nuclei this reads
in agreement with Eq. (11) of Ref. [31] . In the axially symmetric prolate deformed case the energies for the ground state and β bands in the limit a → 0 read
in agreement with Eq. (10) of Ref. [32] .
V. WAVE FUNCTIONS
The ground-state wavefunction is found in Appendix 3 to read
while the normalization factor N 0 is given by Eq. (79), andK is given by Eq. (51) . As discussed in Appendix 3, this wave function is physically acceptable if the inequality
is satisfied by the parameters of the problem. The excited state wave functions are found in Appendix 4 to be
where µ n = µ − n, by P (α,β) n (t) the Jacobi polynomials [47] are denoted, while the normalization coefficient N n is given by Eq. (80) in Appendix 5.
The reduction of the present wave functions to the form they have in the a → 0 limit [31, 32] is carried out in Appendix 6.
VI. B(E2) TRANSITION RATES
For the calculation of B(E2) transition rates, the formulae given in Section X of Ref. [17] apply, with the wave functions R n (β) being replaced by the present results.
VII. NUMERICAL RESULTS

A. Spectra of γ-unstable nuclei
Rms fits of spectra have been performed, using the quality measure
The same set of experimental data for spectra and B(E2) transition rates has been used as in the cases of the Deformation Dependent Mass (DDM) Davidson model [17] , the Exactly Separable Davidson (ESD) model [33] , and the Morse potential [48, 49] , in order to facilitate comparisons of the various models among themselves and to the data. The theoretical predictions for the levels are obtained from Eq. (24), the ground state band corresponding to n = 0 and the quasi-β 1 band having n = 1. The levels of the quasi-γ 1 band are obtained through their degeneracies to members of the ground state band, implied by the SO(5)⊃SO(3) reduction rules [37, 44] , also listed in Table I of Ref. [50] . Within the ground state band (gsb) one has L = 2τ . The L = 2 member of the quasi-γ 1 band is degenerate with the L = 4 member of the gsb, the L = 3, 4 members of the quasi-γ 1 band are degenerate to the L = 6 member of the gsb, the L = 5, 6 members of the quasi-γ 1 band are degenerate to the L = 8 member of the gsb, and so on.
The results shown in Table I have been obtained for δ = λ = 0. One can easily verify that different choices for δ and λ lead to a renormalization of the parameter values a and β 0 , the predicted energy levels remaining exactly the same.
Concerning the physical content of the parameter a, it is instructive to consider in detail in Table I the Xe isotopes, known [52] to lie in the γ-unstable region and already discussed in the framework of the DDM Davidson model [17] . They extend from the borders of the neutron shell (with 134 Xe 80 lying just below the N=82 shell closure) to the midshell ( 120 Xe 66 ) and even beyond, exhibiting increasing collectivity (increasing R 4/2 = E(4 Moving from the border of the neutron shell to the midshell, the following remarks apply.
i) The Kratzer parameterB is increasing smoothly as one moves from the border towards the middle of the shell.
ii) The a parameter, expressing the dependence of the mass on the deformation, is zero, or close to zero, for the first 4 isotopes close to the border, while it acquires substantially non-zero values for the last 5 isotopes close to mid-shell. This indicates that for nearly spherical nuclei no dependence of the mass on the deformation is needed, while it is becoming necessary as soon as substantial deviations from the spherical shape set in.
The effective potentials of Eq. (23) for some Xe isotopes, appropriately rescaled as described in Appendix 7, are shown in Fig. 2(a) . It is clear that the potentials get deeper as one moves from the border of the neutron shell ( 134 Xe 80 ) to the midshell ( 120 Xe 66 ). Other chains of isotopes also show similar behavior. As an example, the effective potentials of Eq. (23) for some Ba isotopes, appropriately rescaled as described in Appendix 7, are shown in Fig. 2(b) . It is again clear that the potentials get deeper as one moves from the border of the neutron shell ( 136 Ba 80 ) towards the midshell ( 122 Ba 66 ). The dependence of the effective potentials of Eq. (23) on the parameter a and on the angular momentum L is shown in Fig. 3 , after appropriate rescaling according to Appendix 7. The effective potential of the L = 4 state of the ground state band of 130 Xe is used as the basis for the comparison. It is seen that the effective potential becomes less deep as the parameter a is increased. It also becomes less deep as the angular momentum L is increased.
It is remarkable that all effective potentials shown in Figs. 2 and 3 look qualitatively similar to the pure Kratzer potential of Fig. 1(left) .
B. Spectra of axially symmetric deformed nuclei
Fits of spectra of deformed rare earth and actinide nuclei are shown in Table II . The energy levels are obtained from Eq. (24) . The ground state band is obtained for n = 0 and the β 1 band for n = 1, while both have n γ = 0 and K = 0. The γ 1 band is obtained for n = 0, n γ = 1 and K = 2. Again, the choice δ = λ = 0 has been made, and it is seen that different choices for δ and λ lead to a renormalization of the parameter values a, B, and c, the predicted energy levels remaining exactly the same.
The quality of the fits obtained can also be seen in Table III , where the calculated energy levels of 170 Er and 232 Th are compared to experiment.
The main discrepancy between theory and experiment in the case of the DDM Davidson [17] was found in the β 1 -bands, in which the theoretical level spacings were larger than the experimental ones. This was attributed to the shape of the Davidson potential, which raises to infinity at large β, pushing β bands higher and increasing their interlevel spacing. It is known that this problem can be avoided by using a potential going to some finite value at large β [53] , like the Morse potential [54] . The Kratzer potential is going to zero for large β, thus avoiding the problem of the overestimation of the level spacings within the β 1 band, as seen clearly in Table III .
In Fig. 4 the effective potentials of Eq. (23) for some Gd and Dy isotopes, appropriately rescaled as described in Appendix 7, are shown. It is clear that the potentials get deeper as one moves from the border of the neutron shell towards the midshell.
Another difference between the DDM Davidson and the present DDM Kratzer model is that the former can- Table I . The quantities shown are dimensionless. Rescaling has been carried out, according to Appendix 7, using the rescaling parameters A given in Table VII Table I ), plotted in both panels, is used as the basis of the comparison. Rescaling has been carried out, according to Appendix 7, using the rescaling parameters A given in Table VII . The rescaled effective potentials are given by Eq. (127), while the rescaled abscissa,β, is given by Eq. (111).
not describe the N = 90 isotones 150 Nd, 152 Sm, 154 Gd, and 156 Dy, which are considered [35] as the best examples of the X(5) [36] critical point symmetry, while in the latter a good description is obtained. Indeed, in Table II of Ref. [17] one sees that large σ deviations are obtained in the DDM Davidson case, while the spectra obtained in the present DDM Kratzer case are reported in Table IV , along with the parameter-free X(5) predictions [36, 55, 56] . In the β 1 bands, in particular, we see that the present approach, using the same number of parameters (three in the case of axially deformed nuclei) as the DDM Davidson model, avoids the overestimation of the interlevel spacings.
The ability of the DDM Kratzer model to describe the N = 90 isotones, in which the DDM Davidson model fails, can be understood by considering the shapes of the two potentials. The Kratzer potential for appropriate parameter values can acquire the shape of a deep well, thus resembling the infinite square well potential used in the X(5) model [36] , known to describe these N = 90 isotones.
In Fig. 5 , the (rescaled according to Appendix 7) effective potentials for the N = 90 nuclei being good examples of the X(5) critical point symmetry are isolated, corroborating the remarks made above.
The dependence of the (rescaled according to Appendix 7) effective potentials of Eq. (23) Table II . The quantities shown are dimensionless. Rescaling has been carried out, according to Appendix 7, using the rescaling parameters A given in Table VIII . The rescaled effective potentials are given by Eq. (127), while the rescaled abscissa,β, is given by Eq. (111).
son. It is again seen that the effective potential becomes less deep as the parameter a is increased. It also becomes less deep as the angular momentum L is increased.
C. B(E2)s of γ-unstable nuclei B(E2)s within the ground state band, as well as interband B(E2)s for which experimental data exist for several nuclei, have been calculated using the procedure described in subsec. X.A of Ref. [17] . For each nucleus, the parameters obtained by fitting the spectra have been used. The results are shown in Table V , the overall agreement being good.
D. B(E2)s of axially symmetric deformed nuclei
B(E2)s within the ground state band, as well as interband B(E2)s for which experimental data exist for several nuclei, have been calculated using the procedure described in subsec. X.B of Ref. [17] . The results are shown in Table VI . In order to facilitate comparison with the N = 90 isotones 150 Nd, 152 Sm, 154 Gd, and 156 Dy, which are considered [35] as the best examples of the X(5) [36] critical point symmetry, the X(5) predictions [36, 55, 56] are shown in the first line of the table. The overall agreement is good, although interband transitions are usually overestimated by theory.
VIII. CONCLUSIONS
The main results of the present work are summarized here.
(i) Analytical solutions of the deformation dependent mass (DDM) Bohr Hamiltonian with the Kratzer potential have been obtained for γ-unstable, axially symmetric prolate deformed, and triaxial nuclei. The deformation function for the Kratzer potential was found to be f (β) = 1+aβ, to be compared with the deformation function f (β) = 1 + aβ 2 obtained in the case of the Davidson potential [17] .
(ii) Despite the fact that the Davidson and Kratzer potentials have very different shapes, numerical results coming from fitting the spectra of more than 100 nuclei and then using the same parameters for calculating B(E2) transition rates, indicate that good overall agreement to the experimental data is achieved in both cases. Table II ), plotted in both panels, is used as the basis of the comparison. Rescaling has been carried out, according to Appendix 7, using the rescaling parameters A given in Table VIII . The rescaled effective potentials are given by Eq. (127), while the rescaled abscissa,β, is given by Eq. (111).
Therefore the important factor in obtaining spectra with proper dependence of the moment of inertia on the deformation is the dependence of the mass on the deformation, independently of the particular shape of the potential.
(iii) On the other hand, a substantial difference between the two potentials shows up in the level spacings within the β 1 band. While these spacings are usually overestimated by collective models based on the Bohr Hamiltonian, the DDM Davidson model included, the present DDM Kratzer model avoids this problem, using the same number of parameters as the DDM Davidson model.
(iv) Furthermore, the Kratzer potential is able to acquire the shape of a deep narrow well, while the Davidson potential cannot achieve this. As a result, the DDM Bohr Hamiltonian with the Kratzer potential succeeds in describing the N = 90 rare earths which are considered as hallmark examples [34, 35] of the X(5) critical point symmetry [36] between spherical and deformed nuclei.
The physical content of the free parameter a appearing in the dependence of the mass on the deformation can be further investigated in at least two ways:
(i) By exploiting the equivalence of the deformation dependence of the mass to a curved space [8] .
(ii) By considering the similarity of several terms appearing in the DDM Bohr Hamiltonian to the Hamiltonian of the classical limit [57] of the interacting boson model [44] .
Work in these directions is in progress.
H may be considered as the first member H 0 = H of a hierarchy of Hamiltonians
where the first-order operators [9]
satisfy a deformed shape invariance condition
with ε i , i = 0, 1, 2, . . . , denoting some constants. In other words, the superpotential W (µ, ν; β) fulfils the two conditions
and
where µ 0 = µ, ν 0 = ν, and a prime denotes derivative with respect to β.
In the case of the effective potential given in Eq. (23), W (µ, ν; β) is a class 1 superpotential
which means that Eqs. (3.9) and (3.10) of [9] read
with A = −1, B = C = 0, A = 0, B = −a and C = 0. Inserting Eqs. (40) and (41) in (38), we obtain
which is equivalent to the three equations
Their solutions read
where we note that 1 + 4k −2 is always positive. As we shall show in Appendix 2, the conditions ensuring that the ground state wavefunction is physically acceptable select the lower sign for µ:
Inserting next Eqs. (40) and (41) in Eq. (39), we get
leading to the three conditions
Their solutions are
Note that there is an other solution for µ i+1 , namely µ i+1 = −µ i , but the alternating signs would not be compatible with physically acceptable excited state wave functions. Finally, the iteration of the first two relations in (49) leads to
For future use, it is worth observing that ν i can be rewritten in terms of µ i as
From (50), it indeed follows that
while Eq. (44) leads to
The energy spectrum of Eq. (13) is therefore given by
Appendix 2: Conditions for physically acceptable wave functions
To be physically acceptable, the bound-state wavefunctions should satisfy two conditions [9] : (i) As in conventional (constant-mass) quantum mechanics, they should be square integrable on the interval of definition of u eff , i.e.,
(ii) Furthermore, they should ensure the Hermiticity of H. For such a purpose, it is enough to impose that the operator −i √ f (d/dβ) √ f be Hermitian, which amounts to the restriction
or, equivalently,
As condition (57) is more stringent than condition (55), we should only be concerned with the former. 
where N 0 is some normalization coefficient. Here
where in the last step we used Eq. (51) for i = 0. For β → 0, the function |R 0 (β)| 2 behaves as β −2µ . Condition (57) imposes that µ < 0. Since k −2 , defined in Eq. (23), is greater than 2, it follows that ∆, defined in (45) , is greater than 3, so that the upper sign choice for µ in (45) would lead to µ > 1. As this is not acceptable, we have to take the lower sign for which µ < −2.
For β → ∞, |R 0 (β)| 2 β behaves as β −µ+K µ . Condition (57) therefore imposes thatK/µ < µ or
On taking (44) , (46) and (51) into account, this restriction can be rewritten as
A physically acceptable ground-state wavefunction therefore exists only if the inequality (62) is satisfied by the parameters of the problem. [9] , the excited-state wavefunctions are given by R n (β) = R n (µ, ν; β) ∝ R 0 (µ n , ν n ; β)P n (µ, ν; y),
where P n (µ, ν; y) is an nth-degree polynomial in y, satisfying the equation
with the starting value P 0 (µ, ν; y) = 1. From Eqs. (51) and (60), it follows that
For β → 0, the function |R n (β)| 2 behaves as β −2µn−2n = β −2µ , which goes to zero as it should be.
For β → ∞, |R n (β)| 2 β behaves as β −µn+K µn . Condition (57) therefore imposes that
which is equivalent to
We conclude that there is a finite number of boundstate wavefunctions corresponding to n = 0, 1, . . . , n max , where n max is such that
It now remains to solve Eq. (64). For such a purpose, let us make the changes of variable and of function
where C (µ) n is some constant. From definition (69), it follows that Q n (µ; t) is an nth-degree polynomial in t. We successively get
By taking Eq. (51) into account, it is then straightforward to show that Eq. (64) becomes
On taking into account that the Jacobi polynomials satisfy the equation
obtained by combining their recurrence and differential relations (Eqs. (22.7.1) and (22.8.1) of [47] ), we see that Q n (µ − 1; t) is actually some Jacobi polynomial
provided we choose
or, in other words,
We therefore conclude that the wavefunctions are given by
where N n is some normalization coefficient.
Appendix 5: Normalization coefficient
To calculate N n , let us first express the whole wavefunction R n in terms of t:
(t). (77)
From this we get
For n = 0, the integral is easily calculated by using Eq. (3.196.2) of [58] . This leads to
For n = 0, a similar integral follows from expanding the two Jacobi polynomials according to Eq. (22.3.1) of [47] and integrating term by term. The result for N n reads
Appendix 6: Wave functions in the a → 0 limit
In the present DDM Kratzer solution the wave functions contain Jacobi polynomials, while in the usual case [31, 32] they contain Laguerre polynomials. Contact between the two results should be established.
In the limit of no dependence of the mass on the deformation, i.e., a → 0, one has
as well asK
The last two quantities become infinite in the a → 0 limit. One should first notice that in the Jacobi polynomial of the present solution the variable β appears in the denominator, since t = 1+ 2 aβ , while in the Laguerre polynomials of the usual solution it appears in the numerator. Thus one should first use the identity (22.5.43 of [47] )
which in the present case leads to
One should now implement the connection between hypergeometric functions and confluent hypergeometric functions. The hypergeometric functions 2 F 1 (a, b; c; z) are solutions of the equation (p. 146 of Ref. [59] )
Using the linear transformation x = bz this leads to (page 148 of Ref.
[59])
In the limit b → ∞ this gives the equation
which has as solutions the confluent hypergeometric functions 1 F 1 (a; c; x). As a result, in the limit b → ∞, the hypergeometric function 2 F 1 (a, b; c; z) is reduced to the confluent hypergeometric function 1 F 1 (a; c; x), where x = bz.
In the present case we consider the hypergeometric function
As mentioned above, in the limit a → 0 the termK becomes infinite. Thus the condition for the transition from 2 F 1 (a, b; c; z) to 1 F 1 (a; c; x) applies, leading to
One can now use the relation between confluent hypergeometric functions and Laguerre polynomials (p. 149 of Ref.
leading in the present case to
From what we have seen above, n and µ = − 1 2 (1 + ∆) remain finite, whileK = k −2 + 2 a becomes infinite because of the 1/a term, with k −2 remaining finite. Therefore in the argument of the Laguerre polynomial we can ignore the µ term as much smaller than the term containinḡ K, while withinK we can ignore the finite term k −2 in comparison to 1/a, getting 1 F 1 −n; ∆ + 1;
Concerning the factor f 1 2 (µn+K µn −1) in Eq. (33), we remark that in the a → 0 limit the termK goes to infinity, while the other terms do not. From Eq. (83) it is clear that in this limitK can be replaced by 2/a. Thus one can write 
the above factor becomes
γ-unstable nuclei
The wave functions for γ-unstable nuclei are given in Ref. [31] (not normalized) and in Ref. [60] (normalized). Using the notation of Ref. [31] the normalized wave functions take the form
and taking into account that in Ref. [31] , the power of x appears as 2µ + 1 instead of µ + 1 2 , because of a misprint. In the DDM Kratzer case one has We see that with the parameter correspondence between the DDM Kratzer case and Ref. [31] 2B
the Laguerre polynomials in the two expressions are identical. The exponential factor in Eq. (97) is also identical to the one of Eq. (96). Written in the DDM parametrization the wave function of Ref. [31] reads χ(β) τ,n = n! Γ(n + 2µ + 1)
Axially symmetric prolate deformed nuclei
The wave functions for axially symmetric prolate deformed nuclei are given in Ref. [32] (not normalized) and in Ref. [60] (normalized). Using the notation of Ref. [32] the normalized wave functions take again the form of Eq. (97), but with
In the DDM Kratzer case one has
Since in Ref. [32] the approximate separation of variables introduced in X(5) is used, we formally put c = 0. For the ground state band and the β-bands one also has K = 0. As a result we get (107) leading in Eq. (97) the Laguerre polynomial into the form
(108) We see that with the parameter correspondence between the DDM Kratzer case and Ref. [32] 2B → B,
the Laguerre polynomials in the two expressions are identical. The exponential factor in Eq. (97) is also identical to the one of Eq. (96). Written in the DDM parametrization the wave function of Ref. [32] reads again as Eq. (103) In the present work the Kratzer potential has been used in the form of Eq. (21), in which no free parameter appears in its first term. This choice does not affect ratios of energies and ratios of B(E2)s, as it will be confirmed below. In this way the addition of an extra free parameter is avoided. If, however, one wishes to plot the effective potentials for different nuclei, this factor comes in and should be determined for each nucleus separately, as we shall see below.
Spectra
In the present work the Kratzer potential is used in the form of Eq. (21) . In order to compare the results to the case in which a free parameter appears in the first term, we can use the rescaling transformation
leading to
In what follows we are going to use the subscript r for labelling rescaled quantities.
Using this rescaling in the original Bohr Hamiltonian of Eq. (1) we obtain
When allowing the nuclear mass to depend on the deformation as in Eq. (2), the rescaling leads to
the deformation function of Eq. (22) becoming
From Eq. (114) it is clear that reduced energies, formerly defined through Eq. (4), now become
This implies that
in agreement to Eq. (11) of Ref. [31] and to Eq. (10) of Ref. [32] , indicating that the energy levels scale as A 2 . In the same way reduced potentials, formerly defined through Eq. (5), now become
In axially symmetric prolate deformed nuclei, in which the potential is given in Eqs. (8) and (9), one gets
Similarly in triaxial nuclei with γ ≈ π/6, in which the potential is assumed to be of the form of Eqs. (8) and (11), we obtain
The effective potential of Eq. (15), in the Kratzer case, in which f (β) is given by Eq. (22) and
takes the form
with f given by Eq. (22) . In rescaled notation the effective potential is written as
with f given by Eq. (116). The rescaled effective potential, u ef f,r (β), is then calculated by plugging this result in the rhs of Eq. (119)
(127)
Position of the minimum of the effective potential
It is instructive to study the position, β 0 , of the minimum of the effective potential, given in Eq. (23) . Equating the derivative of the effective potential to zero we easily find for δ = λ = 0
In the case of γ-unstable nuclei for the ground state (τ = 0, L = 0) we obtain
Using Eq. (111) this leads to
In the case of prolate deformed nuclei for the ground state (L = 0, n γ = 0) we obtain
Depth of the effective potential
As depth of the effective potential its value at the position of its minimum is considered. Substituting Eq. (128) in Eq. (23) we get
For δ = λ = 0 this takes the form
Comparison to the usual Kratzer potential
The usual Kratzer potential (without deformation dependence of the mass) in rescaled notation is given in Eq. (112). Equating the derivative of the effective potential to zero we easily find the position,β 0 , of the minimum of the potentialβ
which in non-rescaled notation takes the form
where use of Eqs. (111) and (112) has been made. We see that this expression is in agreement with Eq. (128) in the case of a = 0 andB >> 1.
As mentioned above, as depth of the potential its value at the position of its minimum is considered. We then easily find
where use of Eqs. (111) and (112) has been made. We see that this expression is in agreement with Eq. (134) in the case of a = 0 andB >> 1.
Wave functions
The wave functions ξ(β) are normalized through
while the rescaled wave functions ξ r (β) are normalized through
From these relations one gets
The wave functions R(β) are normalized through
while the rescaled wave functions R r (β)are normalized through
These results are consistent with Eq. (14), leading to
These results can also be checked against the explicit expressions for the wave functions.
In Eq. (30) we see that R 0 (β) will scale with N 0 β −µ , while from Eq. (79) we see that N 0 will scale as a −µ+ 1 2 . Therefore we get
and then in the rescaled framework
in agreement with Eq. (144). Similarly, in Eq. (33) we see that R n (β) will scale with N n β −µn , while from Eq. (80) we see that N n will scale as a −µn+ 1 2 . Therefore we get
in agreement with Eq. (144).
B(E2)s
B(E2)s are given by Eq. (B4) of Ref. [33] , in which the square of the radial integral appears. The radial integral for γ-unstable nuclei is given in Eq. (116) of [17] I n ,τ +1;n,τ =
From Appendix 7.5 it is clear that I behaves in scaling as β. In other words, in the rescaled framework we are going to have
Therefore in the rescaled framework for the B(E2)s we are going to have
For prolate deformed nuclei, the radial integral is given by Eq. (117) of Ref. [17] . The same scaling properties occur then.
Numerical results
The numerical results on the spectra, reported in Tables I-IV, are not affected by rescaling since, according to Eq. (118), energies scale as A 2 , which cancels out when energy ratios are calculated.
Furthermore the numerical results on the B(E2)s, reported in Tables V and VI, are not affected by rescaling, since the powers of A appearing because of the rescaling of wave functions, as described in Appendix 7.5, cancel out when B(E2) ratios are calculated, as it is clear from Appendix 7.6.
The only results affected by scaling are the figures of the effective potential. From Eqs. (125) and (126) it is clear that the numerical values of the effective potentials are the same, irrespectively from calculating them in the rescaled framework or in the non-rescaled framework. Then the only rescaling entering is by an overall factor of A 2 , as seen in Eq. (120). What is affected, however, is the abscissa. If the nonrescaled quantity β is used, it obtains very high numerical values, outside the region of physical interest. Here the rescaling procedure comes in. One way to obtain the value of the rescaling factor A for each nucleus is to use it in order to have the minimum of the effective potential at the value of β corresponding to the quadrupole deformation of the specific nucleus obtained from B(E2; 0 + 1 → 2 + 1 ), i.e. from the transition rate from the ground state to the first excited state [61] . This can be done using Eq. (130) for γ-unstable nuclei, or Eq. (132) for prolate deformed nuclei.
Numerical values of the rescaling parameter A for the γ-unstable nuclei shown in Figs. 2 and 3 are shown in Table VII, while As an extra qualitative check, the depth of each potential, which should have been approximately equal to −1/(4B) in a non-rescaled version of the figures 2-6, as discussed in Appendices 7.3 and 7.4, should be −A 2 /(4B) in the rescaled version. For better accuracy, Eq. (134) should be used.
It should be noticed that the scale appropriate for each individual nucleus can be fixed in several ways.
1) Since energy levels scale as A 2 , as seen in Eq. (118), one way to determine A is by fitting it to the energy of the first excited state, E(2 + 1 ), which is readily available for many nuclei [62] .
2) Since B(E2)s also scale as A 2 , as seen in Eq. (152), another way to determine A is by fitting it to the transition rate from the ground state to the first excited state, B(E2; 0
, which is also readily available for many nuclei [61] .
The method used here, namely fitting the minimum of the effective potential to the quadrupole deformation found from B(E2; 0
, has the advantage that it avoids units, since β is a dimensionless quantity. It also avoids the scale factor appearing in the expression for the transition operator (see Eq. (115) of Ref. [17] ). Table II , compared to experimental data [51] and to the predictions of the X(5) critical point symmetry [36, 55, 56] . The bandhead of the γ1 band in X(5), which is a free parameter, has been set equal to the average of the relevant experimental values. See subsec. VII B for further discussion. [51] (upper line) for several B(E2) ratios of γ-unstable nuclei to predictions (lower line) by the Bohr Hamiltonian with β-dependent mass (with δ = λ = 0) for the Kratzer potential, for the parameter values shown in Table I . See subsec. VII C for further discussion.
nucl. [36, 55, 56] , the relevant predictions are reported in the first line of the table, with the γ1 → gsb transitions normalized to the 2γ → 01 transition, which is set equal to 100, close to the average value for the first three N = 90 isotones. See subsec. VII D for further discussion.
nucl. 
